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Abstract 

We consider central extensions of 1+1 dimensional abelian current al- 
gebra and Virasoro algebra and see that the sign of the Schwinger terms 
depend on the ordering of the operators in the current - current commu- 
tators. Possible consequences for a string theory are mentioned briefly. 
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1 Introduction 



Careful computation of the commutators of fermionic currents in a quan- 
tum field theory reveals that they do not always have the form anticipated 
from naive manipulations. Additional terms usually called the Schwinger 
terms (ST) are to be expected in all current algebras [IHl] 

Though apparently incompatible results were reported sometimes [5]- 
115) . the existence of two solutions for the ST different in sign only, seems 
to be a distinct possibility. 

These STs arise due to the short distance singularities of the current - 
current correlation functions and can be computed in many ways as dis- 
cussed in the literature. The oldest among them is the canonical method. 
This is what we want to pursue in this letter. 



2 Abelian Current Algebra 

For simplicity we first consider the 1+1 dimensional model described by 
the action 

S = — da drip-y^'d^^ (2.1) 

27r ./n ./_^ 



J d^a{il;ld-i^++tpld+i^-) 



and see that the ambiguities in the sign of the ST as mentioned earlier are 
actually consequences of those in ordering the operators in the current 
- current commutator as appropriate for the states they are applied to 
[16H18| . Here the two component spinor 
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and a± — t it a are the light cone variables. 

So from the equation of motions 9±V't = we get for the left moving 
piece for example 

where h-k 
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The canonical anti-commutation relations yield 

{bk,bk'} = Sk+k, (2.5) 
{bk,bk'} = {bk,h'} 
= 

Here k can assume both integral and half-integral values |191I20| . We 
consider the 17(1) current algebra [31] to start with. The current is 



Hence, 



f = V'T^'V' (2.6) 



j+ = (2.7) 



with the modes 



Tk=J2'"'-A (2.8) 
The anomalous commutator 

[Tk,T-k] = X][&fc-96,,6-fc-9,&,/] (2.9) 

= '^(bk-q{bq,b-k-ql}bq/ - b^k-qr{bk~q, bqt}hq) 
~ ^^[5fc-g69'5q_fc_q/ — b -k~ qlbqSk- q + ql] 
= y^X^k-qbq-k - b-qbq) 

Thus, 

[Tk,T^k\ = : [rfc,T_fc] (2.10) 

q<k q<0 

= ■.[Tk,T^k].+k 

where : [Tk,T-k] ■= Yl ■ (bk-qbq-k - b-qbq) ■— 0. ( We replace q 
by g — fc in the second term, since the expression is normal-ordered and 
well-defined at the quantum level. ) 

Alternatively, we can place the annihilation operators to the left of the 
creation operators, the so called anti-normal ordering and use the symbol 
:: :: for it. Thus, 

[Tk,T.k] = :: [Tfe,r-fc] :: +^1-^1 (2.11) 

q>k q>0 

= :: [Tk,T-k] ■■■■ -k 

where:: [Tk,T-k] '■'■= (pk-qbq-k^b-qbq) ::= by the same argument. 
Thus 

[Tk,T-k\ = ±k (2.12) 
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But it is common practice to calculate anomaly by taking expectation 
values of the commutator wrt a suitable state. For example in Feynman 
propagator computations we take the vacuum expectation value. In CFT 
also we tacitly do the same for radial ordering. In both cases we get +k 
for the ST. It can be checked from the following equation: 

{o|[ri,r_i]|o) (2.13) 
= (o| Tir„i |o) 

= J2{0\bl-cbgb-l-g,bgf\0) 

1,1' 

= (0|5i6i6_ib_i 10) 

2 2 2 2 

= (0|6ife_i 10) 

2 2 

= 1 

It is easy to check that we get the other solution by taking the expec- 
tation value of the commutator wrt the completely filled fermionic state 
|1) that is annihilated by all the creation operators. 

{i![ri,r_i]|i) (2.14) 

= -(i|r_iri|i) 

= -E(i|^-i-9'V&i-A|i) 

1.9' 

= - {l\b^ib_ibibi 11) 

2 2 2 2 
= - |1) 

= -1 

It is true for integral modes also. 

The same considerations leading to (|2.12p should be applicable to 
bosons also, as one can verify quite easily, because bosons and fermions 
are equivalent in two dimensions. But we cannot define a completely filled 
state for bosons. So we should fermionize them to realize equations like 
(|2.14|l . The last equation is reminiscent of the GNS construction [22) and 
Tomonaga states [23] and is in conformity with the observations made by 
the authors of [T21I16H18) . 

Though the Schwinger term changes sign, calculation of the leading 
short-distance singularities in the OPE of two generators by taking ex- 
pectation values wrt either of the states |0) and |1) yield the same result 
and is a characteristic of the theory and the algebra. This is evident from 
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the equation 



(llT^fcTfcll) (2.15) 
= -(l|[Tfe,T_fe]|l> 
= k 

= (o|[Tfc,r_fe]|o) 

= (0| TfcT.fe |0) 

where k is positive. 



3 Virasoro Anomaly 

To have a better understanding of the resuhs, we should consider a current 
algebra like a central extension of the Virasoro algebra [24) , so that unlike 
the previous case the operator in the (anti-)normal ordered expression for 
the current - current commutator does not vanish identically. 

We first consider a fermionic string with Majorana spinors as usual 
[I9l[20]. So reduces to 

S = j <fa{il;+d-'tP++il;-d+tP-) (3.1) 

The equations of motion yield 

1^+ =^6fee-'"("+"' (3.2) 

Where 

{bk,bk/} = Sk+ki (3.3) 
So the component of the energy momentum tensor 

T++ = iJ+d+ij+ (3.4) 

with the modes 



Thus 



Now, 



Lk = "^qbk-qbq (3.5) 
[Lk,L-k] = ^'^^qql[bk-qbq,b-k-qlbql] (3.6) 

[bk~qhq,b^k-qlbql] (3.7) 
= bk-q{bq,b-k-ql}bqt + b-k-qibk- q{bq , bq/} 
' {bk-q, b^k~ql}bqbqt — b-k-qlbq{bk-q , bqf} 
- bk-qbq/Sq-k-ql + b -k-q/bk-qSq+ql 

bqbqfSq^q, — b^k-q/bqSq- k- ql 
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So from (|3Jl) 

[Lk,L-k\ = i - fc)(6fc-9fe,-fc - fe_qfog) (3.8) 

We write it as 

[Lfc,L-fcl = : [Lfc,L_fc] : +A(fc) (3.9) 
= 2k : Lo : +A{k) 

where the Virasoro anomaly 

q<k q<0 
ij>0 q>fc 

Assuming that q is half integral 

Mk) = iE^(2g-fc) (3.11) 

fc 



iE("-^)(2"-i-^) 



24 



We can also write 



where 



[Lfc,L_fc] = [Lfc,L_fc] :: +yl'(fc) (3.12) 
= 2fc :: Lo :: +A'{k) 

A'{k) = i[(^-^)g(g-fc) (3.13) 

q>k q>0 



+ (E-&^i 

I3<0 q<k 

k^ ~k 

Comparing ((3TTT|| and ((3TT31) we see that A'[k) = — j4(fc) 
If we want the usual solution A{k) for the anomaly we should take 
expectation value of the commutator in p.9p wrt the state |0) but to get 
the solution A'{k) — —A{k) we should take the expectation value of the 
commutator in (|3.12p wrt the state |1) instead, because(l| : Lo : |1) and 
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(0| :: Lq :: |0) are ill-defined, an aspect that remained rather obscure in 

To see that it does not lead to negative norm states [21] , we note that 

-(l|[Lfc,L_fc]|l) = (l|L_fcLfc]|l) (3.14) 

-k 
24 

is nonnegative for positive k and so is the leading singularity of the OPE 
of the two generators calculated in this way. The same considerations are 
applicable to integral modes also. 

So there is a subtle difference between the central charge defined 
through the OPE and that appearing in an affine algebra. The former 
is positive, but the latter is not in this case. It is the algebra that is con- 
nected with the symmetry of a theory and not the OPE and one should 
pick the solution for the central charge that fits into the actual physical 
situation. 

A super-string model includes both bosonic and fermionic degrees of 
freedom. So unlike the previous case not only the sign but also the magni- 
tude of the central charge for the full theory will change if instead of nor- 
mal order we anti-normal order the contribution of the physical fermions 
to the Virasoro algebra and normal order the rest. It has the poten- 
tial for changing the critical dimension of a string to a more suitable 
value [26]. After the term proportional to k^ in the expression for the 
Virasoro anomaly cancels (For example, we may consider a string moving 
in an eight dimensional space that can be divided into the physical four 
dimensional Minkowskil space and a four dimensional Euclidean internal 
space and A'^ = 1 local supersymmetry for each space. If we assume that 
the contributions of the physical fermions belonging to both the spaces 
are negative then 2. [4(1 — 1/2) + 11] — 26 = ), we may need to add some 
constant to Lq to cancel the term proportional to fc.Thus 

[Lfc,L_fc] = 2fc(::L^:+a'") + .... (3.15) 

where b refers to the physical fermions. When the anomaly cancels we 
can quantize the fields successfully and define the canonical commutation 
relations without ambiguity to write :: Lq :: as : Lq : —2a'', where a'' is the 
normal ordering constant, to get back to the anomaly free conventional 
form of the algebra that is more appropriate for low lying states. 

4 Conclusion 

We studied the two dimensional U(l) current algebra and the Virasoro 
algebra to see that the Schwinger term is a property of the states to which 
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the operator is applied: if the positive k states were filled, rather than the 
negative k ones, the Schwinger term has opposite sign. This corresponds 
to anti-normal ordering of the current-current commutator. There is no 
violation of unitarity, however. 

It remains to be seen in detail how the change of sign of the Virasoro 
anomaly alter the condition of its cancellation in a consistent string theory. 
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